10067
10068

10069
10070
10071
10072
10073
10074
10075
10076
10077
10078
10079
10080

10081

10082

10083
10084
10085

10086
10087

10088
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APPENDIX D (formerly E)
SAMPLE MATHEMATICS PROBLEMS

The sample problems in this appendix supplement those appearing in Chapter 2.
The problems for kindergarten through grade seven are organized by grade level
and according to the standards for the five strands in the Mathematics Content
Standards. The problems for grades eight through twelve are presented according to
the standards for the discipline headings algebra, geometry, and so forth. Teachers
may use these problems as a resource to develop students’ skills in working with the
standards. [Complete citations for the sources following some of the mathematics
problems in this appendix appear in “Works Cited.” Many of the problems come from
or are adapted from materials that are a part of the Third International Study of
Mathematics and Science (TIMSS). TIMSS offers both a resource kit, Attaining
Excellence: A TIMSS Resource Kit, and a Web site
<http://www.csteep.bc.edu/TIMSS1/pubs_main.html>. Ed.]

Kindergarten
Number Sense

1.1, 1.2 How many students are in your class? How many chairs are in the room?
Are there more chairs than students? What happens when there are more

students than chairs?

1.2 Make sure that students can count forward accurately before presenting a

series like the following:

30,29,28, _,_ ,25,_, ., ., ,20,19,_,_ ,_ ,15.
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10089

10090

10091
10092
10093

10094

10095

10096
10097

10098
10099
10100
10101
10102

10103
10104

10105

10106
10107

10108

10109
10110
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Grade One
Number Sense

1.2 Prove or disprove a classmate’s claim that, “29 is more than 41 because 9
is more than 4 or 1.” (This problem also applies to Mathematical Reasoning

Standard 2.1.)

Grade Two
Number Sense

2.2 Find a three-digit number such that the sum of its digits is equal to 26. How

many such numbers can you find?

3.2 Pretend you are at a store and you have $2.00 to spend. A pen costs 79
cents, a notepad 89 cents, and an eraser 49 cents. Suppose you want to
buy two items and have the most money left over, which two would you
buy? What is the largest number of pens you can buy? Notepads?

Erasers? Explain how you know.

5.2 How many pennies does it take to make $1.57? How many nickels does it

take to make $2.65?

Measurement and Geometry

1.1 Which is longer: the width of your classroom or 8 times the length of your

desk?

Statistics, Data Analysis, and Probability

1.1 A kite has four panels. You have been asked to color it with either red or

blue on each panel. How many different color kites can you make?
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10111 2.1 Look at these numbers: 50, 46, 42, 38, 34, 30, . . . There are many patterns

10112 that can produce these numbers. Please describe one. (Teacher: follow up
10113 with a question about which method is the simplest.) (Adapted from TIMSS gr.
10114 4, U-4)

10115 Grade Three

10116 Number Sense

10117 2.4 There are 54 marbles. They are put into 6 bags so that the same number of
10118 marbles is in each. How many marbles would 2 bags contain? (Adapted
10119 from TIMSS gr. 4, K-9)

10120 2.8 Here is a number sentence: 2,000 +  + 30 + 9 =2,739. What number

10121 should go where the blank is to make the sentence true? (TIMSS gr. 4, S-2)
10122 3.1 Janis, Maija, and their mother were eating a cake. Janis ate 1/2 of the cake.
10123 Maija ate 1/4 of the cake. Their mother ate 1/4 of the cake. How much of
10124 the cake is left? (Adapted from TIMSS gr. 8, P-14)

10125 3.1 Sam, who is 6 years old, likes vanilla ice cream with his apple pie. Sam
10126 said that 1/3 of an apple pie is less than 1/4 of the same pie. Is Sam correct
10127 in his estimate? (Adapted from TIMSS gr. 4, V-1)

10128 Measurement and Geometry

10129 1.2 Make an outline of your hand with your fingers together on a piece of grid
10130 paper. Assuming that each grid is 1 cm?, what is roughly the area of your
10131 hand?
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Grade Four

10133 Algebra and Functions

10134
10135
10136
10137
10138

10139
10140
10141
10142
10143

10144

10145

10146
10147

10148
10149
10150
10151

1.4

1.5

21

Maria and her sister, Louisa, leave home at the same time and ride their
bicycles to school 9 kilometers away. Maria rides at a rate of 3 kilometers in
10 minutes. How long will it take her to get to school? Louisa rides at a rate
of 1 kilometer in 3 minutes. How long will it take her to get to school? Who

arrives first? (Adapted from TIMSS gr. 4, U-3)

My plane was supposed to leave San Francisco at 8:42 a.m. and arrive in
Los Angeles at 9:55 a.m. But it started 11 minutes late, and to make up for
lost time, the pilot increased the speed and shortened the flight time to 58
minutes. What time did | arrive in Los Angeles? (This problem also applies

to Mathematical Reasoning Standard 1.1.)

What is the remainder when 1,200,354,003 is divided by 57?

Measurement and Geometry

1.2, 1.4 Given 12 square tiles, all the same size, describe all the rectangles you can

3.7

that use all the tiles. Find the perimeter of each rectangle.

Assume that the sum of the length of any two sides of a triangle is greater
than the length of the third side. If the lengths of the sides of a triangle are
required to be whole numbers, how many such triangles are there with a

perimeter of 147 List all of them.
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10152

10153
10154

10155

10156

10157

10158
10159

10160

10161

10162

10163

10164

10165

10166
10167

10168

10169
10170

10171

10172
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Statistics, Data Analysis, and Probability

1.1 If six people enter a room and shake hands with each other once, how

many handshakes occur?

Grade Five

Number Sense

1.2 Change to decimals: —/—, > | 6%, 35"
00" 20

>

1.2 Change to fractions: 0.03, 1.111, 8%, 21

1
8

1.2 Change to percents: 0.07, 0.165, Z)
1.2 6 is what % of 257

1.2 What is 15% of 447

1.2 30 is 20% of what?

1.2 Betty paid $23.60 for an item that was reduced by 20%.
1. What was the original price?

2. If the original price was reduced by 25%, what is the sale price?

1.4 Write as a product of primes using exponents (use factor trees or

equivalents):
18, 48, 100

1.3, 1.4 What is the largest square of a whole number that divides 487 What is the

largest cube of a whole number that divides 487
1.5 Arrange in order from smallest to largest:

%, 25%, 0.3, 2%, 0.295
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10173
10174

10175

10176

10177

10178

10179

10180

10181

10182

10183

10184
10185
10186

10187

10188

10189
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2.1

21

2.5

Find the average of 6.81, 7, 5.2 and round the answer to the nearest

hundredth.

Evaluate 0.25 (3 - 0.75).

Do the following problems mentally.

D9185 1200 9185
5,117 13% 2,117

D9,185 12 O 9185
H 13 2178 2117

=2

Measurement and Geometry

1.0

1.1

Find the areas (dimensions are in cm):
5

How many segments x will fit on the perimeter of the square?

1.3, 1.4 Determine the volume of a rectangular solid with base 65 cm, height 70 cm,

1.4

and width 50 cm. For the same rectangular solid, determine its surface

area. (Make sure that your answer is expressed in the correct units.)

Identify the relevant dimension as length, area, or volume:
1. The perimeter of a triangle

2. The capacity of a barrel
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10190

10191

10192

10193

10194

10195
10196

10197
10198

10199

10200
10201
10202
10203
10204

10205

10206

10207

10208

10209

10210
10211
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6.

The capacity of a box
The amount of sod needed to cover a football field
The number of bricks needed to pave a path

The height of a tree

2.1 Explain how to make the following basic constructions with a straight edge

and compass; e.g., an equilateral triangle, a regular hexagon, a line

passing through a given point and perpendicular to a given line.

2.2 Find the third angle of a triangle if you know that one angle is 60° and the

second angle is 20°.

Statistics, Data Analysis, and Probability

1.2. Draw a circle graph to display the following data: A certain municipal district

spends 6 million dollars per year—$2,507,000 on education, $1,493,000 for

public safety, $471,000 for libraries, $536,000 for road maintenance, and

$993,000 for miscellaneous expenses. (This problem also applies to

Number Sense Standards 1.1 and 1.2.)

Grade Six

Number Sense

1.2, 1.3 Complete the following statements:

1.

2.

If 3 ft. = 1 yd., then 7 ft. = ? yd.

If 32 0z. =1 qt., then 6.7 qt. = ? oz.

1.2, 1.3 In a lemonade punch, the ratio of lemonade to soda pop is 2:3. If there are

24 gallons of punch, how much lemonade is needed?
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10212 2.1 Find the sum 2 +-..
6 10

10213 2.3, 2.4 Write the following as an integer over a whole number:

10214 8,-6,4%,-1,0,0.013,-1.5

10215 2.4 1. Find the least common multiple of 6 and 10 (count by sixes until you
10216 come to a multiple of 10).

10217 2. List the first 20 multiples of 6.

10218 3. List the first 20 multiples of 10.

10219 4. List all the multiples that six and 10 have in common that are less than
10220 or equal to 120.

10221 2.4 1. Make a sieve of Eratosthenes up to 100.

10222 2. Find the greatest common factor of 18 and 30 (list all factors of 18 until
10223 you come to a factor of 30).
10224 3. Reduce ;i

10225 Algebra and Functions

10226 1.2 Moe was paid $7 per hour and earned $80.50. How many hours did Moe

10227 work?

10228 1.2 Write the following in symbolic notation using n to represent the number:
10229 1. A number increased by 33

10230 2. The product of a number and (-7)

10231 3. 8)% decreased by some number

10232 4. The square of some number which is then divided by 7
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10233 5. The sum of some number and % which is then increased by the third

10234 power of the same number

10235 1.2, 3.1 Arectangle is constructed with 8 feet of string. Suppose that one side is
10236 1%44 feet long. What is the length of the other side?

10237 1.3 True or false?
10238 (25 +16)x 6 =25+ 16 + 6.

10239 Measurement and Geometry

10240 1.2 How many segments x will fit on the circumference of the circle?

X

< >

10241 v

10242 1.1, 1.3 Use the formula 77°h for the volume of a right circular cylinder. What is the

10243 ratio of the volume of such a cylinder to the volume of one having half the
10244 height but the same radius? What is the ratio of the volume of such a
10245 cylinder to the volume of one having the same height but half the radius?
10246 (This problem also applies to Number Sense Standard 1.2.)

10247 2.1 Line L is parallel to line M. Line P is perpendicular to L and M. Name the

10248 following. If none can be named, leave the space blank.

A
\
M~

<
<

A
é

10249 P
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10250

10251

10252

10253

10254

10255

10256

10257

10258

10259

10260

10261
10262
10263
10264

10265
10266
10267
10268

DRAFT: January 28, 2005 DRAFT: January 28, 2005

2.2

1. Complementary
2. Supplementary

3. Vertical

4. Alternate interior
5. Corresponding

6. Acute

7. Right

8. Obtuse

Line L is parallel to line M. Find the missing angles.

for |
L
b
d/, e A 100°
M

/ \

Statistics, Data Analysis, and Probability

22,25

31,34

Fifty red marbles are placed in a box containing an unknown number of
green marbles. The box is thoroughly mixed, and 50 marbles are taken out.
Ten of those marbles are red. Does this imply that the number of green

marbles was 2007

Make a tree diagram of all the possible outcomes of four successive coin
tosses. How many paths in the tree represent two heads and two tails?
Suppose the coin is weighted so that there is a 60% probability of heads

with each coin toss. What is the probability of one head and one tail?
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10269

10270

10271
10272

10273

10274

10275
10276
10277
10278
10279
10280

10281
10282
10283
10284
10285

10286

10287

10288

10289
10290
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Grade Seven

Number Sense

1.1

1.6

1.7

2.2

2.2

Convert to scientific notation; compute and express your answer in

scientific notation and in decimal notation.

(350.000)(0.0049)
25

1.

(0.000042)(0.0063)
((140,000)(70,000)(0.18))

Peter was interested in buying a basketball. By the time he saved enough
money, everything in the sporting goods store had been marked up by
15%. Two weeks later, however, the same store had a sale, and everything
was sold at a 15% discount. Peter immediately bought the ball, figuring that
he was paying even less than before the prices were raised. Was he

mistaken?

What will be the monthly payments on a loan of $50,000 at 12% annual
interest so that it will be paid off at the end of 10 years? How much total
interest will have been paid? Do the same problem with 8% annual interest
over 10 years. Do the same problem with 10% annual interest over 15

years. Solve the problem using simple interest. (Use calculators.)

910

Reduce )
1,859

Subtract and reduce to lowest terms:
gsig g7 O

H438 HosH

(For clarification see the discussion in Appendix A on the addition and

subtraction of fractions.)
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10291

10292
10293
10294

10295

10296
10297
10298
10299
10300

10301
10302

10303
10304
10305
10306

10307
10308
10309

10310
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24

2.5

Determine without a calculator which is bigger: V291 or 17?2

Consider two numbers A and B on the number line. Determine which is
larger: the distance between A and B or the distance between |A| and |B|?

Always? Sometimes? Never?

Algebra and Functions

1.1

1.1, 4.2

1.1, 4.2

1.5

Gabriel bought a CD player, listed at $a, at a 20% discount; he also had to
pay an 8% sales tax. After three months he decided that its sound quality
was not good enough for his taste, and he sold it in the secondhand market
for $b, which was 65% of what he paid originally. Express b as a function of

a.

A car goes 45 mph and travels 200 miles. How many hours will it take for

the car to reach its destination?

A plane flying at 450 mph leaves San Francisco. One-half hour later a
second plane flying at 600 mph leaves, flying in the same direction. How
long will it take the second plane to catch the first? How far from San

Francisco will this event happen?

Water is poured at a constant rate into a flask shaped like the one in the
illustration that follows. Draw a graph of the water level in the flask as a

function of time.
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10311
10312

10313

10314

10315

10316

10317

10318
10319

10320
10321
10322
10323

10324
10325

10326
10327
10328

10329
10330
10331
10332
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21,22

3.1, 3.2

3.1

3.4

4.1

4.2

DRAFT: January 28, 2005

Simplify to a monomial, or reduce to a single monomial.
5
1. %
2. *.
X
3. is
4 (424553)
" (1440
5. %
X_7
6 (a7b_3c))
: (44 é—sclo)
Write the equation of the surface area of a cube of side length x. Graph the

surface area as a function of x.

The amount of paint needed to paint over a surface is directly proportional
to the area of the surface. If 2 quarts of paint are needed to paint a square
with a side of 3 ft., how many quarts must be purchased to paint a square

whose side is 4 ft. 6 in. long?

What is the slope of the straight line which is the graph of the function

expressing the length of a semicircle as a function of the radius?

Becky and her sister have some money. The ratio of their money is 3:1.
When Becky gives $5 to her sister, their ratio will be 2:1. How much money

does Becky have? (World Math Challenge 1995)

Three people set out on a car race to see who would be the first to get to
town T and back. Anne maintained a steady speed of 80 mph throughout
the race. Lee averaged 90 mph on the way out, but he could manage only

an average of 70 mph on the way back. Javier started slowly and averaged
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10333
10334
10335
10336
10337

10338

10339

10340

10341

10342

10343

10344

10345

10346

10347
10348
10349
10350

10351
10352

10353
10354
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65 mph during the first third of the race, but he increased his speed to 85

mph in the second third and finished with a blazing 100 mph in the last

third. Who won?

(Note: This is a difficult problem that would be particularly good for

advanced students.)

Measurement and Geometry

1.1

1.3

2.1

2.1

Know the following approximations:

1.

2.

7.

1 meter = 1 yard (baseball bat)

1 cm = Y4 inch (width of a fingernail)
1 km = .6 miles

1 kg = 2.2 Ibs. (a textbook)

1 liter = 1 quart

1 gram = (1 paper clip)

1 mm = (thickness of a dime)

A bucket is put under two faucets. If one faucet is turned on alone, the

bucket will be filled in 3 minutes; if the other is turned on, the bucket will be

filled in 2 minutes. If both are turned on, how many seconds will it take to fill

the bucket?

Compute the area and perimeter of a regular hexagon inscribed in a circle

of radius 2.

Compute the volume and surface area of a square-based pyramid whose

lateral faces are equilateral triangles with each side equal to 4.
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10355 3.2 Determine the vertices of a triangle, whose vertices were originally at (1, 2),
10356 (-3, 0), and (-1, 5), after it is translated 2 units to the right and 1 unit down
10357 and then reflected across the graph of y = x - 3.

10358 3.3 What is the distance from the center of a circle of radius 3 to a chord of
10359 length 5 cm?

10360 3.1 Find the missing angles and arcs. (B is 10°.)

10361
10362 3.2
VR
10363 1. Minor AB
10364 2. Angle a
VR
10365 3. Major
10366 4. Angle b
VRN
10367 5. EC
VRN
10368 6. CB
7\
10369 7. ED
7N\
10370 8. DC
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10371
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Grades Eight Through Twelve

10372 Algebrall

10373 1.0, 24.0 Prove or give a counterexample: The average of two rational numbers is

10374

10375
10376
10377
10378

10379

10380

10381

10382

10383
10384

10385

10386

10387

10388
10389
10390

2.0

2.0

2.0

2.0

3.0

3.0

4.0

4.0

5.0

a rational number.

| start with a number and apply a four-step process: | (1) add 13;
(2) multiply by 2; (3) take the square root; and (4) take the reciprocal. The
result is 1/4. What number did | start with? If | start with the number x, write

a formula that gives the result of the four-step process.

What must be true about a real number x if x= x> ?

Write as a power of x: th :
x A x
. 3 - 1
Solve for x: x° = _.
22

Solve for x: 3x +2 =14.

Express the solution using interval notation: x+1 >2.

Sketch the interval in the real number line that is the solution for x -5 <2.
Expand out and simplify 2(3x + 1) — 8x.

Solve for x in each case:
S5x =2 <-3(x +1) +2
2-(2-(Bx+1) +1)=3(x-2) +x
3 _ 4
x—2 x+5
To compute the deduction that you can take on your federal tax return for

medical expenses, you must deduct 7.5% of your adjusted gross income

from your actual medical expenses. If your actual medical expenses are
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10391
10392

10393
10394
10395
1039

10397

10398
10399
10400
10401

10402
10403
10404
10405
10406

10407
10408

10409
10410

10411
10412
10413
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5.0

5.0

5.0

6.0

6.0

6.0

6.0,7.0

$1,600 and your deduction is less than $100, what can you conclude about

your adjusted gross income?

Joe is asked to pick a number less than 100, and Moe is asked to guess it.
Joe picks 63. Write an inequality that says that Moe’s guess is within 15,
inclusive, of the number Joe has in mind. Solve this inequality to find the

range of possibilities for Moe’s guess.
Four more than three-fifths of a number is 24. Find the number.

Luis was thinking of a number. If he multiplied the number by 7, subtracted

11, added 5 times the original number, added -3, and then subtracted twice
the original number, the result was 36. Use this information to write an

equation that the number satisfies and then solve the equation.

The cost of a party at a local club is $875 for 20 people and $1,100 for 30
people. Assume that the cost is a linear function of the number of people.
Write an equation for this function. Sketch its graph. How much would a
party for 26 people cost? Explain and interpret the slope term in your

equation.

Graph 2x -3y = 4. Where does the line intersect the x-axis? Where does

the line intersect the y-axis? What is the slope?

Sketch the region in the x-y plane that satisfies both of the following

inequalities: y<3x+1,2x+3y+8>0

Find an equation for the line that passes through (2, 5) and (-3, 1). Where
does the line intersect the x-axis? Where does the line intersect the y-

axis? What is the slope?
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10414 6.0, 7.0 Find an equation for the line that passes through (5, 3) and (5,-2). Where

10415
10416

10417
10418
10419
10420
10421

10422

10423

10424

10425

10426

10427

10428

10429
10430

10431

10432

10433

10434

10435
10436

7.0

7.0

8.0

8.0

8.0

9.0

9.0

10.0

does the line intersect the x-axis? Where does the line intersect the y-axis?

What is the slope?

The weight of a pitcher of water is a linear function of the depth of the water
in the pitcher. When there are 2 inches of water in the pitcher, it weighs 2
Ibs.; and when there are 8 inches of water in the pitcher, it weighs 5 Ibs.
Find a formula for the weight of the pitcher as a function of the depth of the

water.

Find an equation for the line that passes through (-2, 5) and has slope —2/3.

Find the equation of the line that is perpendicular to the line through (2, 7) and

(-1, 3) and passes through the x-intercept of that line.

Are the following two lines perpendicular, parallel, or neither?
2x+3y=5
3x+2y-1=0

If the line through (1, 3) and (a, 9) is parallel to 3x —5y =2, what is a?

Line 1 has equation 3x + 2y = 3, and line 2 has equation -2x + y = 5. Find
the point of intersection of the two lines.
Sketch a graph of the values of x and y that satisfy both of the inequalities:
3x+2y >3
-2x+y<5
The volume of a rectangular prism with a triangular base is 36m° - 72nf +

29m - 3. Assume that the height of the prism is 3m — 1 and the height of

the triangle is 6m — 1. What is the base of the triangle?
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10437

10438

10439

10440

10441

10442

10443
10444
10445

10446
10447
10448

10449

10450

10451

10452
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10.0

11.0

12.0

12.0

13.0

14.0

15.0

15.0

16.0

17.0

Simplify [(3b% = 2b + 4) — (b + 5b — 2)] (b + 2).

x’—4
x—2

Solve for x: +x? —4 =0.

x> +x? —6x

Reduce to lowest terms: , )
x“+13x +30

Solve for x: 3 + 10 =4,

x=1 x*-2x+1

x+2 Efc2+5x -24
x—3 x=06
x+8

Solve for x: +3=0.

3 2
Where does the graph of f(x)=" +2x+1 DX intersect the x-axis?
X

Mary drove to work on Thursday at 40 mph and arrived one minute late.
She left at the same time on Friday, drove at 45 mph, and arrived one

minute early. How far does Mary drive to work?

Suppose that peanuts cost $.40/Ib. and cashews cost $.72/Ib. How many
pounds of each should be used to make an 80 Ib. mixture that costs

$.48/1b.?

The following points lie on the graph of a relation between x and y:
(0,0), (-2, 3), (3, -2), (2, 3), (-3, -3), (2, -2)
Can y be a function of x? Explain. Can x be a function of y? Explain.

Determine the domain of the function f(x)= x -6.
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10453

10454

10455

10456

10457

10458

10459
10460

10461

10462

10463
10464

10465
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17.0

4.0

5.0

6.0

7.0

18.0

20.0

20.0

22.0

Determine the range of the function g whose graph is shown below.

A)

y=g(x)

_3—2\/ 1
1-1

Let f(x) = X’ - 16 (in wordsx squared minus 16), and x is a real number.

What is the domain of f(x)?
What is the range of f(x)?
For what values of x is f(x) negative?

What are the domain and range of square root (x2 —16) when x is assumed

to be a real number?

Does the equation X2+ y2 =1 determine y as a function of x? Explain.
Solve for x: 2x* - 3x - 5 =0.

Let f(x) = ax’ + bx + c. Suppose that b? - 4ac > 0. Use the quadratic formula

to show that f has two roots.

At how many points does the graph of g(x) = 2x*-x +1 intersect the x-axis?
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10466
10467
10468

10469
10470

10471
10472
10473
10474
10475
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10478

10479

10480
10481
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10483

10484

10485

10486

10487

10488
10489
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23.0

23.0

24.0

25.0

25.0

A ball is launched straight up into the air from the ground at a rate of
64 feet per second. Its height h above the ground (in feet) after t seconds

is h = 64t 416¢°.

How high is the ball after 1 second? When is the ball 64 feet high? For what

values of tis h=0? What events do these represent in the flight of the ball?

The braking distance of a car (how far it travels after the brakes are applied
until it comes to a stop) is proportional to the square of its speed. Write a
formula expressing this relationship and explain the meaning of each term
in the formula. If a car traveling at 50 mph has a breaking distance of 105
feet, then what would its braking distance be if it were traveling 60 mph?

(ICAS 1997)

Provide numbers to show how the following can be false and if possible
describe when it is true:

Ja't+b*<a+bwhenevera=0and b=>0

Suppose that 9 is a factor of xy, where x and y are counting numbers. At
least one of the following is true. Which of the following statements are

necessarily true? Explain why.
a. 9 must be a factor of x or of y.
b. 3 must be a factor of x or of y.
c. 3 must be a factor of x and of y.
A problem is given, to find all solutions to the equation (2x + 4)2 =(x+ 1)2.
Comment on any errors in the following proposed solutions:
(2x +4)? = (x + 1)

Take the square root of both sides to find 2x+4 =x+1
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10490 Subtract x and 4 from both sides to obtain 2x+4 -x-4=x+1-x-4

10491 Simplify to conclude x=-3

10492 Geometry

10493 3.0 Prove or disprove: Any two right triangles with the same hypotenuse have
10494 the same area.
10495 3.0 True or false? A quadrilateral is a rectangle only if it is a square.

10496 3.0 Suppose that all triangles that satisfy property A are right triangles. Is the
10497 following statement true or false? A triangle that does not satisfy the

10498 Pythagorean theorem does not satisfy property A.

10499 4.0 Suppose that triangle PRS is isosceles, with zp = pS. Show that if the
10500 segment PQ bisects the [RPS , then RQ =QS.

P

10501 Q

10502 4.0 Suppose that R and S are points on a circle. Prove that the perpendicular

10503 bisector of the line segment RS passes through the center of the circle.
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10504 5.0 In the figure shown below, the area of the shaded right triangle is 6. Find
10505 the distance between the parallel lines, L1 and L ,. Explain your reasoning.
A
6
L,

v L

<
< >

10506 8
10507 6.0 Using a geometric diagram, show that for any positive numbers a and b,
10508 Na* +b* <a+b.
10509 7.0, 4.0 On the following diagram, with distances as shown, prove that if x = y,then
10510 the lines L and M are parallel:
2 X
L
2 y

M
10511 / \
10512 7.0 Prove that if a diagonal of a parallelogram bisects an angle of a
10513 parallelogram, then the parallelogram is a rhombus.
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10514
10515

10516
10517
10518
10519

10520

10521
10522
10523

10524

10525
10526

10527
10528
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7.0

8.0

9.0

9.0

10.0

Prove that if the base angles of a trapezoid are congruent, then the

trapezoid is isosceles.

A string is wound, evenly-spaced, around a circular rod. The string goes
exactly one time around the rod. The circumference of the rod is 4 cm, and
its length is 12 cm. Find the length of the string. What is the length of the

string if it goes exactly four times around the rod? (Adapted from TIMSS)

SRRRY

A sphere of radius 1 can be inscribed in a cylinder so that it touches the top

face, bottom face, and intersects the lateral face in a circle. Find the volume

of the cylinder.

N

[ —

~_

A right prism with a 4-inch height has a regular hexagonal base. The prism

has a volume of 144 cubic inches. Find the surface area of the prism.

A trapezoid with bases of length 12 and 16 is inscribed in a circle of radius
10. The center of the circle lies inside the trapezoid. Find the area of the

trapezoid.
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10530
10531
10532
10533

10534
10535

10536
10537

10538

10539

10540
10541
10542

10543
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10545
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11.0

12.0

13.0

15.0

15.0

16.0

17.0

Brighto soap powder is packed in cube-shaped cartons. A carton measures
10 cm on each side. The company decides to increase the length of each
edge of the carton by 10 percent. How much does the volume increase?

(TIMSS)

A regular polygon has exterior angles, each measuring 10 degrees. How

many sides does the polygon have?

Prove that if the diagonals of a quadrilateral bisect each other, then the

quadrilateral is a parallelogram.

Find the length of the side labeled C in the figure shown below:

The bottom of a rectangular box is a rectangle with a diagonal whose length
is 413 inches. The height of the box is 4 inches. Find the length of a

diagonal of the box.

Given a circle, use an unmarked straightedge and a compass to find the

center of the circle.

The vertices of a triangle PQR are the points P(1, 2), Q(4, 6), and R(-4, 12).

Which one of the following statements about triangle PQR is true?
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10547
10548
10549
10550

10551
10552

10553

10554

10555

10556

10557
10558

10559
10560
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18.0

18.0

19.0

20.0

20.0

1. PQR is a right triangle with right [P.
2. PQR is a right triangle with right [@Q.
3. PQR is a right triangle with right [R.
4. PQR is not a right triangle. (TIMSS)

Shown below is a semicircle of radius 1 and center C. Express the

unknown length D in terms of the angle a by using a trigonometric function.

O
C

If a is an acute angle and cos a = Y, find tan a

Find the length of side C below, if @ measures 70 degrees:

5

Each side of the regular hexagon ABCDEF is 10 cm long. What is the
length of the diagonal AC? (TIMSS)

Express the perimeter of the trapezoid ABCD in the simplest exact form.

Angle DAB measures 30 degrees, and angle ABC measures 60 degrees.
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10562
10563
10564

10565

10566
10567

10568
10569
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10573
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21.0

22.0

22.0

A B

Two circles with centers A and B, as shown below, have radii of 7 cm and

10 cm, respectively. If the length of the common chord PQ is 8 cm, what is

the length of AB? Show all your work. (TIMSS)

10 cm

Q/B

7 cm

A translation maps A = (2, 3) onto A' = (3, 5). Under the same translation,

find the coordinates of B, the image of B (1, 4). (TIMSS)

Which response listed below applies to the statement that follows? The

rectangle labeled Q cannot be obtained from the rectangle P by means of:

1.

Reflection (about an axis in the plane of the page)

2. Rotation (in the plane of the page)
3.
4

Translation

. Translation followed by a reflection (TIMSS)
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P
Q
10574
10575 Algebralll
10576 1.0 Express the solution using interval notation:
10577 |2x—3| >4
10578 1.0 Sketch the interval in the real number line that is the solution for:
x—3
10579 >5
2
10580 2.0 Solve the system of linear equations:
10581 x+2y=0
10582 x+z=-
10583 y-z=2
3_ .3
10584 4.0 Simplify *, "7 .
x =)
10585 4.0  Simplify “* "7,
x—)y

10586 5.0 Locate all complex solutions to Z2 +4in the complex plane.
10587 6.0 Write in the form a + bi, where i is a square root of —1:

(3-2i)*
2+

10588

10589 8.0 Find all solutions to the equation X +5x+8=0.
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10590

10591
10592

10593

10594
10595

10596

10597

10598
10599

10600
10601
10602
10603
10604
10605
10606
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9.0

10.0

10.0

11.0

12.0
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The function f(x) = (x - B + c is graphed below. Use this information to

identify the constants b and c. . The minimum value of the function occurs

when x = 2, andf(2) = 1.

T 7=

Graph the function f(x) = 2 (x + 33— 4 and determine the minimum value for

the function.

Find the vertex for the graph of f(x) = 3x* — 12x +4.

Solve for x in each of the following and explain each step:
log,(x +1) —log, x =1

log , 7 =log,x

Scientists have observed that living matter contains, in addition to common
carbon, C12, a fixed percentage of a radioactive isotope of carbon, C14.
When the living material dies, the amount of C12 present remains constant,
but the amount of C14 decreases exponentially with a half life of 5,550
years. In 1965 the charcoal from cooking pits found at a site in
Newfoundland used by Vikings was analyzed, and the amount of C14

remaining had decreased to 88.6 of the amount present when the charcoal
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10607
10608

10609
10610

10611

10612

10613
10614

10615

10616

10617

10618

10619

10620

10621

10622

10623
10624

10625
10626
10627
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13.0

14.0

15.0

16.0

17.0

18.0

was fresh. What was the approximate date of this Viking settlement?

(Adapted from ICAS 1997)

Simplify to find exact numerical values for:

log\b(bz)

b3log,, 2-log, 5

log,7

Write as a single logarithm
log, 5

Is the following true for all real numbers x, for some real numbers x, or for

no real numbers x?

Va-x?)?

1—-x

=1+x

If xy =1 and x is greater than 0, which of the following statements is true?
1.When x is greater than 1, y is negative.

2.When x is greater than 1, y is greater than 1.

3.When x is less than 1, y is less than 1.

4.As x increases, y increases.

5. As x increases, y decreases. (TIMSS)

Write in standard form the conic section whose equation is given by 4x* -

8x — y2 +4y = 4 to determine whether it is a parabola, a hyperbola, or an

ellipse.

An examination consists of 13 questions. A student must answer only one
of the first two questions and only nine of the remaining ones. How many

choices of questions does the student have? (Adapted from TIMSS)
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10628 19.0
10629
10630
10631

10632 20.0

10633 21.0
10634

10635
10636

10637
10638
10639
10640
10641
10642
10643
10644

10645
10646

A lottery will be held to determine which three members of a club will attend
the state convention. This club has 12 members, 5 of whom are women.
What is the probability that none of the representatives of the club will be

women?

10
Determine the middle term in the binomial expansion of %«— %. (ICAS 1997)

R IN

Use mathematical induction to show that

142 +3+4 + +n _rnt1)
2

22.0Find the sum of the following infinite series:

3.0 .2 8L

5 25 125 625

24.0Sketch a graph of a function g that satisfies the following conditions:
g does not have an inverse function, g(x) < x for all x, and g (2) > 0.
Trigonometry

1.0 Express in degrees:

11/5 radians

1/8 revolution

1.0 Find the indicated angle B in radians, if C is the center of the circle:

2.0 Graph the functions f(x) = sin x and g(x) = cos x, where x is measured

477



10647
10648
10649
10650
10651
10652
10653

10654

10655
10656

10657

10658

10659

10660

10661

10662
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8.0

8.0

9.0

11.0

12.0

13.0

in radians, for x between 0 and 27t Identify the points of intersection of the
two graphs.

3.0 Prove that sec® x +csc? x =sec? x [Isc? x.

5.0 Use the definition of f(x) = tan (x) to determine the domain of f.

6.0 Identify all vertical asymptotes to the graph of g (x) = sec x.

7.0 Aline with positive slope makes an angle of 1 radian with the positive

x-axis at the point (3, 0). Find an exact equation for this line.
If tan (x) = tan (775) and 3m< x <471 find x.

Graph f(x) = sin x and the principal value of g (x) = sin™" x on the same

axes. Write a description of the relationship between the two graphs.
Find an angle a between 0 and —rmfor which cos (a) = -1/2

Solve for 6, where 0 < 8<27T (cos 6)(sin 20) —2sin 6+2 = 0.

Find the measure of the angle a in the triangle below:
6

Solve for the distance c¢ on the triangle shown below, if the angle A is 30°:
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10663
10664

10665

10666
10667

10668

10669

10670
10671
10672
10673
10674

10675
10676

10677

10678
10679
10680
10681
10682
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14.0

15.0

17.0

18.0

19.0

19.0

Find the area of the triangle shown below if the angle B measures 20

degrees:

Find all representations in polar coordinates of the point whose rectangular

coordinates are (23, —2).
Represent j + 1 in polar form. Use this to compute (i + 1)2.
Find all square roots of i.

A person holds one end of a rope that runs through a pulley and has a
weight attached to the other end. The section of rope between the person
and the pulley is 20 feet long; the section of rope between the pulley and
the weight is 10 feet long. The rope bends through an angle of 35 degrees

in the pulley. How far is the person from the weight?

How long does it take for a minute hand on a clock to pass through 1.5

radians?

Mathematical Analysis

1.0

Find any points of intersection (first in polar coordinates and then in rect-
angular coordinates) of the graphs of r=1 + sin 68 and the circle of radius
3/2 centered about the origin. Verify your solutions by graphing the curves.
Find any points of intersection (first in polar coordinates and then in rect-

angular coordinates) of the graphs of r=1 +sin 8 and the line with slope 1
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10683
10684

10685

10686
10687
10688
10689

10690
10691
10692

10693

10694

10695
10696
10697
10698

10699
10700
10701
10702
10703
10704
10705

10706
10707
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2.0

5.0

6.0

7.0

that passes through the origin. Verify your solutions by graphing the curves.

(ICAS 1997)
o V3 O
Compute % TZE.
Consider the locus of points in the plane whose distance to (0, 1) is twice its

distance from (0, —2). Identify this conic section and find its equation in

standard form.

X

Sketch the graph of f(x)=

—l showing all asymptotes.
2 —

Sketch a graph of the curve determined by the equations:
X = COS (t2) +1
y =sin (t2) forO<t<5

and find another set of parametric equations that describe the same curve.

Probability and Statistics

1.0

1.0

A warning system installation consists of two independent alarms having
probabilities of 0.95 and 0.90, respectively, of operating in an emergency.
Find the probability that at least one alarm operates in an emergency.

(Adapted from TIMSS)

Arlene and her friend want to buy tickets to an upcoming concert, but
tickets are difficult to obtain. Each ticket outlet will have its own lottery so
that everyone who is in line at a particular outlet to buy tickets when they go
on sale has an equal chance of purchasing them. Arlene goes to a ticket
outlet where she estimates that her chance of being able to buy tickets is
1/2. Her friend goes to another outlet, where Arlene thinks that her chance

of being able to buy tickets is 1/3.

1.  What is the probability that both Arlene and her friend are able to buy

tickets?
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10708
10709

10710
10711

10712

10713

10714
10715
10716
10717

10718
10719
10720
10721
10722

10723
10724
10725

10726
10727
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3.0

3.0

3.0

4.0

5.0
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2. What is the probability that neither Arlene nor her friend is able to buy

tickets?

3. What is the probability that at least one of the two friends is able to buy

tickets?

A random variable X has the following distribution:

X -1 0 3| 4
PX=| .1 .3 13
X)

Find: P(X>1) P(X?<2)

A fund-raising group sells 1,000 raffle tickets at $5 each. There are three

prizes. The first prize is a $1,800 computer. The second prize is a $500

camera, and the third prize is $300 in cash. What is the expected value of a

raffle ticket? (ICAS 1997)

Carla has made an investment of $100. She understands that there is a

50% chance that after a year, her investment will have grown to exactly

$150. There is a 20% chance that she will double her money in that year,

but there is also a 30% chance that she will lose the entire investment.

What is the expected value of her investment after a year?

You are playing a game in which the probability that you will win is 1/3, and

the probability that you will lose or play to a tie is 2/3. If you play this game

8 times, what is the probability that you will win exactly 3 times?

Suppose that X is a normally distributed random variable with mean p.

Find P (X < L).
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10729
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Advanced Placement Probability and Statistics

1.0

5.0

6.0

9.0

12.0

| roll two standard fair dice and look at the numbers showing on the top
sides of the two dice. Let A be the event that the sum of the two numbers
showing is greater than 5. Let B be the event that neither die is showing a 1

or a 6. Are events A and B independent?

Suppose that X is a discrete random variable and that X has the following

distribution:

x |-1, 0| 2] 5

P(X=11/41/8 1/2/1/8

Compute the mean for X.

Suppose that X is a discrete random variable and that X has the following

distribution:

x |-1, 0| 2| 5

P(X=11/411/8/1/2/ 1/8

X)
Compute the variance for X.
Suppose that a new medical treatment is reported to be successful for 80%

of patients. What is the probability that in a sample of 100 patients, 75 or

more will find the treatment successful?

A teacher claims that quiz scores for students are indicative of their test
scores. You sample 6 students from this teacher’s class and find the

following quiz and test scores:

iz | |29 6 9 5
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10745
10746
10747

10748
10749
10750
10751
10752
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10754

10755
10756
10757
10758
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10760
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10762
10763
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10765
10766
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13.0

16.0

17.0

Scores

Test | 85| 60| 80| 70| 85 80

scores

Draw a scatter plot for these data, with the quiz scores on the horizontal
axis and test scores on the vertical axis. Find the line that best fits these

data by using least squares and graph the line along with your scatter plot.

In the preceding example concerning quiz scores and test scores, by using
the graph alone, what can you say about the correlation coefficient?
Suppose that 4 more data points are collected and that the best fit line
remains approximately the same for the combined data, but that the
correlation coefficient now is closer to 1 than it was for just the 6 data
points. What can you say about the placement of the 4 additional data

points?

Suppose that it is known that the average lifetime of a particular brand of
light bulb is 1,000 hours, with a standard deviation of 90 hours. You
sampled 20 of these bulbs and computed that their lifetimes averaged 900
hours, with a sample standard deviation of 120 hours. If you sample
another 20 bulbs and combine your data, what is most likely to occur to the
average lifetimes for the 40 bulbs and to the sample standard deviation for

the 40 bulbs?

Suppose that the number of cars passing a certain bridge on a freeway
during one-minute intervals is normally distributed. Suppose that 61 one-
minute observations are randomly made. The average number of cars
passing the bridge in a minute, over the 61 observations, is 31. The sample

variance is 25. Find a 95% confidence interval for the average number of
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10767
10768

10769 18.0
10770
10771

cars passing the bridge per minute. For a margin of error of 1, with 95%

confidence, how large a sample size would be needed?

In the situation described previously, if you were testing the hypothesis that
the average number of cars per minute traveling over the bridge is more

than 30, what P-value would you attach to the data that were collected?

10772 Calculus

10773 1.0

10774
10775

10776 1.0
10777

10778
10779 1.0

10780 1.0

Without using a graphing calculator, evaluate limarctan x. Explain what this

X — 00

limit should mean about the graph of the arctangent function and then verify

this limit on a graphing calculator.

Using the graph of f shown below, estimate:
lim f'(x) lim () lim f'(x) lim f(x)
x-0 x-1 x—1" x—2"

NI

Using the formal definition of limit, show that ling Bx+1)=7.

Using the formal definition of limit, show that 1in%|—x|does not exist.
X=UIX
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10781 2.0
10782

10783 3.0
10784

10785 3.0
10786

10787 8.0

10788

10789 4.0

10790 4.0

10791

10792

10793

10794 4.0

10795

10796

10797 4.0

Using the formal definitions of continuity and limit, show that f(x) =5 + 4 is

continuous.

Use the Intermediate Value theorem to assert that the equation 4* = x +5

has a solution.

Give an example that demonstrates that the conclusions of the Intermediate

Value theorem need not hold for a function that is not continuous.

Must £(x) :|%|3 have a maximum and a minimum value on the interval [-1,
X

3]? Explain.
Using the definition of derivative, find the derivative of f(x) = N

Differentiate:

f(x) = sinx

1+1nx
g(x) =

e

h(x) = arctan (x)

Using the graph of f shown below, estimate:

—
Find the value of lim%. (Adapted from TIMSS)

h-0
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4.0

4.0

5.0

5.0

6.0

7.0

8.0

8.0

A brush fire spreads so that after t hours, 80t —20f acres are burning.

What is the rate of growth of the acreage that is burning after 90 minutes?

According to Newton’s law of gravitation, a particle of mass m attracts a

GmM

particle of mass M with a force whose magnitude is F = where G is

2 b
r
the gravitational constant and r is the distance between the two particles.
For particles that are in motion, find the rate of change of F with respect to

r.

Differentiate:
2(x)=In(x+e* (x))

Kx)=e'"07

Use the facts that f(x) = log, x and g (x) = 2" are inverse functions and that

g'(x) =2"In 2 to find the derivative of f(x).

A wheel of radius 1 rolls on a straight line (the x-axis) without slipping. The
curve traced by a point on the wheel (that starts out on the x-axis) is
called a cycloid. The curve can be described parametrically by x = 6 —sin 6

andy =1 - cos 6, where @is the angle through which the wheel has turned.

When the wheel has turned through 774 radians, what is %?
X

For f(x) = arctan x, find '’ ’(x).

Evaluate the following limits:

- t 1
limx arC3 an x . n Ex) llm (1 +x)cscx
0 ol (2 +1) ot

Use the Mean Value theorem on the following functions, on the given

intervals, if it applies:

f(x) =x +sin xon [172,
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8.0

9.0

g(x)=x-x**on[-1, 1]

Suppose that f is a continuous function on [a, b], differentiable on (a, b), and

that f’(x) = 0 for all x in the interval (a, b). Show that f is a constant function

on [a, b].

Without using a graphing calculator, sketch graphs of these functions,
showing all local extrema and inflection points:

g (x)=3x" +4x° +1

h(x)=In(1+x%)

10.0 Use Newton’s method to approximate a zero for the polynomial
f(x) = x* +3x — 1 in the interval [0, 1]. You may stop when you have a value
of x for which | £(x)| <1/1000.

11.0 A cone is to be made large enough to enclose a cylinder of
height 5 and radius 2. What is the smallest possible volume for such a
cone?

12.0 A climber on one end of a 150-foot rope has fallen down a
crevasse and is slipping farther down. This accident happened because his
climbing partner, on the other end of the rope, does not have a firm stance.
His partner is on the horizontal glacier, slipping toward the crevasse at a
rate of 10 ft./sec. At what rate is the distance between the two climbers
changing when the first climber is 100 feet down the crevasse?

12.0 A streetlight, 20 feet in height, stands 5 feet from a sidewalk. A
person, 6 feet tall, walks along the sidewalk at 4 ft./sec. At what rate is the
length of the person’s shadow changing when the person is 13 feet from
the base of the streetlight?

14.0 A particle moves along a line with velocity function v () = £+t

Find the distance traveled by the particle between times t =0 and t = 4.
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16.0

16.0

16.0

14.0 An object thrown upward in a vacuum with initial velocity Vg will
experience an acceleration of -9.8 m/s%. Use this information to find an
expression for the position of the object above its starting position after ¢
seconds.

15.0 On the graph of f(x) = e"‘2 shown below, let g (s) denote the

area under the graph of f above the x-axis, between x =0 and x = s.

Find un(}Q.

y
A
1
y=f%)
i i i i > X
-2 -1 1 2
16.0 Consider the region bounded by the x-axis for x> = 1, the line x

=1, and the graph of y = 1/x. If this region is rotated about the x-axis, find

the surface area of the resulting solid.

Find the length of the curve y = (4 - x2/3)3’2 between x =1 and x = 8.

The following integral represents the volume of a solid that is obtained by
rotating a region in the x-y plane about one of the coordinate axes: mf; x*dx.
If this solid was obtained by rotating a region about the x-axis, then what
was the region? If, on the other hand, this solid was obtained by rotating a

region about the y-axis, what was the region?

The figure shown below is a cone that has been cut off at the top and then

had a cone turned out of it. The radius of the top of the figure is 2 inches.
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The radius of the base is 4 inches. The figure is 3 inches tall. Use

integration to find the volume of the figure.

A tank of water is funnel-shaped. The shape of the funnel is such that x feet
from the base of the tank, the radius of the tank is » = Jxe* feet. If the tank is
2 feet deep and full of water, how much work is done in pumping the water

out of the tank?

Evaluate:

sin (arctan (x))

tan (arcsinV1-x2)

Antidifferentiate:
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1
I . dx

X

J.l+x4dx

Evaluate:
3x°+ 6x°+ 13x+8
J’ > dx
1 x“+ 4x
3+ _2
J.x2 3x e
x“+2x+4

Evaluate:

sin x

I 5 dx
cos’ x

sin® x cos* xdx

Estimate ﬁe“dx using Simpson’s rule with n = 6 subintervals and find a

bound on the error.

Compute the following integrals:

Intanx dx
0
oof—\‘;
— dx
LT
Find the intervals of convergence for the following power series:
00 xn i(x_s)n izn‘xn
n=2 3”/\‘“““‘;/12 + 1 n=1 712 - 3 n=1 (271)!

In (1+x)

Use a Maclaurin series for the function f(x) = to estimate

Jdn (1+x)

|

dx to within .01.
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10897 26.0 Find the degree four Taylor polynomial for f(x) = \Jx, centered at x = 1.
10898 26.0 Using the half-angle identity sin®x = %(1—005 (2x)), find a Maclaurin’s series

10899 for f(x) = sin® x
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